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Abstract. This paper intends to reinforce on the mathematical formalism of the 

calculation of the Intensity-Curvature Functional (ICF) of the signal-image and 

to present applications of the ICF to Magnetic Resonance Imaging (MRI) of 

human brain tumors. The ICF of the signal-image in one dimension or multiple 

dimensions is calculated as the ratio between two terms. The two terms are: (i) 

the integral of the product between the model function fitted to the MRI data 

and the classic-curvature, which are both calculated at the grid node of the sam-

pled signal, and (ii) the integral of the product between the model function fit-

ted to the MRI data and the classic-curvature, which are both calculated at the 

intra-node location used to re-sample the signal-image. The Intensity-Curvature 

Functional is therefore employed to re-map the MRI data into a new domain. 

This paper also emphasizes on three major findings provided with the Intensity-

Curvature Functional when applied to two-dimensional Magnetic Resonance 

Imaging (MRI) data of human brain tumors. The three findings are: (i) the visu-

ally perceptible third dimension perpendicular to the imaging plane of the MRI, 

(ii) the medical intensity-curvature measure map related to the accumulation of 

fluids in the tumor area of the brain and more generally of the human brain cor-

tex, and (iii) the fact that the ICF is a filter mask which can be convolved to the 

MRI data so to filter the MRI, which benefits of an enhanced gray level scale. 

Indeed the novelty of this research is that, in four subjects out of eight, the ICF 

based filtering of the Fluid Attenuated Inversion Recovery (FLAIR) imaging 

modality benefits of an enhanced gray scale which allows the observation of de-

tails not visible in the FLAIR.  

 

Keywords: intensity-curvature functional, magnetic resonance imaging, visual-

ly perceptible third dimension, medical intensity-curvature measure map, filter 
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1 Introduction 

There are two main motivations to present this paper. The first motivation is to rein-

force on the mathematical formalism of the Intensity-Curvature Functional (ICF) 

which was developed during earlier research [1,2,3,4]. The second motivation is to 

expand on the three characteristics of the ICF calculated on two-dimensional Magnet-

ic Resonance Imaging of human brain tumors.  

The three characteristics are: (i) the visually perceptible third dimension perpen-

dicular to the image plane, (ii) the medical intensity-curvature measure map related to 

the accumulation of fluids in the human brain, and (iii) the convolution of the ICF 

onto the two-dimensional MRI which results into filtered MRI images. It is immediate 

to clarify that the mathematical notation presented here is consistent with the formal-

ism presented elsewhere [1,2,3,4], and such mathematical notation makes use of the 

integrals of: (i) the intensity-curvature term before interpolation, and (ii) the intensity-

curvature term after interpolation. Likewise earlier works [1,2,3,4] the integrals are 

definite in between: (i) the grid node location of the sampling grid of the image, and 

(ii) the intra-node location of the image to re-sample. The aforementioned integrals 

were calculated in order to map the signal-image into a novel domain. The novel do-

main is the ICF image [1,2,3,4] and such image can be calculated at any intra-node 

locations. The advantage offered by the calculation of the primitive function through 

the aforementioned integrals is immediate and is useful because the ICF becomes a 

function of the independent variables and thus makes it possible to create the ICF 

images at an infinite array of spatial locations defined: in between nodes (one dimen-

sional case with x as dependent variable); in between pixels (two dimensional case 

with (x, y) as dependent variables); and in between voxels (three dimensional case 

with (x, y, z) as dependent variables). As far as regards the three characteristics of the 

ICF calculated on two-dimensional Magnetic Resonance Imaging of human brain 

tumors this paper expands on the empirical evidence [3,4] that the ICF is an intensity-

curvature measurement approach capable to build a medical map which is useful to 

highlight the accumulation of fluids in the human brain tumor [3] and to provide the 

tumor images with the borderline of the pathology [4] without the need of segmenta-

tion [5,6,7] and/or filtering algorithms [8,9,10]. Additionally, this paper presents evi-

dence of the fact that the convolution of the ICF onto the MRI makes it possible to 

filter the MRI. Thus, the ICF is here employed as the filter mask which brings the 

MRI into an additional domain (the filtered MRI) characterized by a variety of gray 

levels observable on the tumors and more generally on the human brain structures.  

The three aforementioned characteristics make the ICF a unique mathematical engi-

neering tool (Intensity-Curvature Measurement Approach [3]) yet not found in the 

literature other than the references [1,2,3,4] and other related works, which calcula-

tion is however possible because of the availability of the software at the URL: 

http://www.sourcecodewebsiteCarloCiulla.com. Although the ICF has been proposed 

as an Intensity-Curvature Measure Approach [3] capable to study the diagnosis of 

tumors in the human brain detected through Magnetic Resonance Imaging, while 

providing complementary and/or additional information to the MRI, this paper clari-

fies that in order to accomplish the goal of an improved diagnosis, the analysis of the 
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ICF images should be included into an MRI protocol used in diagnostic settings, and 

to this aim, further work and evidence in favor to the diagnostic capabilities of the 

ICF images, needs to be presented to the scientific community.  

The next sections of this paper present the mathematical formalism of the ICF, the 

subjects and the pathologies, and the results which were collected from eight subjects 

and which were obtained calculating ICF maps of established MRI imaging protocols: 

(i) contrast enhanced T1-weighted MRI, (ii) Fluid Attenuated Inversion Recovery 

(FLAIR) imaging modalities and (iii) T1-weighted MRI. The paper also presents the 

discussion on the interpretation of the ICF maps of the human brain tumors, and a 

conclusion section emphasizing on both the mathematical formalism of the calcula-

tion of the ICF and the results obtained with the research developed herein.  

2 The Mathematical Formalism 

The mathematical formalism presented herein is consistent with the notation used in 

previous works [1,2,3,4] which made use of the definite integral in order to calculate 

the Intensity-Curvature Functional. Let g(0) be the signal intensity value at the node 

of the sampling grid, in the three cases: (i) one-dimensional g(0), (ii) two-dimensional 

g(0, 0), and (iii) three-dimensional g(0, 0, 0). Let g(x) be the model function fitting 

the data in one dimension (1D), g(x, y) fitting the data in two dimensions (2D), and 

g(x, y, z) fitting the data in three dimensions (3D).     

2.1 Intensity-Curvature Term before interpolation (Eo)        

                                                        x 

One-dimensional case [1]: Eo(x) = ∫ g(0) · (∂2 ( g(x) ) /∂x2)(0) dx                      (1)  

                                                       0       
x  y

 

Two-dimensional case [1]: Eo(x, y) = ∫ ∫ g(0, 0) · [ (∂2 ( g(x, y) ) /∂x2) + (∂2 ( g(x, y) )  

                                                                                           0  0 
 /∂y2) + (∂2 ( g(x, y) ) /∂x∂y) + (∂2 ( g(x, y) ) /∂y∂x) ](0, 0)  dx dy                      (2) 

                                                              x  y  z 

Three-dimensional case [1]: Eo(x, y, z) = ∫ ∫ ∫ g(0, 0, 0) · [ (∂2 ( g(x, y, z) ) /∂x2) + (∂2 (  
                                                                                                    0  0  0 

g(x, y, z) ) /∂y2) + (∂2 ( g(x, y, z) ) /∂z2) + (∂2 ( g(x, y, z) ) /∂x∂y) + (∂2 ( g(x, y, z) )  

 

/∂y∂x) + (∂2 ( g(x, y, z) ) /∂x∂z) + (∂2 ( g(x, y, z) ) /∂z∂x) + (∂2 ( g(x, y, z) ) /∂y∂z) +  

 

(∂2 ( g(x, y, z) ) /∂z∂y) ](0, 0, 0)  dx dy dz                                                                        (3) 

2.2 Intensity-Curvature Term after interpolation (EIN) 

                                                                                  x 

One-dimensional case [1]: EIN(x) = ∫ g(x) · (∂2 ( g(x) ) /∂x2)(x) dx           (4) 
                                                                                0 
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                                                                    x  y
 

Two-dimensional case [1]: EIN(x, y) = ∫ ∫ g(x, y) · [ (∂2 ( g(x, y) ) /∂x2) + (∂2 ( g(x, y) )  
                                                                                              0  0 

/∂y2) + (∂2 ( g(x, y) ) /∂x∂y) + (∂2 ( g(x, y) ) /∂y∂x) ](x, y) dx dy                                   (5) 

                                                                                                        x  y  z 

Three-dimensional case [1]: EIN(x, y, z) = ∫ ∫ ∫ g(x, y, z) · [ (∂2 ( g(x, y, z) ) /∂x2) +  
                                                                                                      0  0  0 

(∂2 ( g(x, y, z) ) /∂y2) + (∂2 ( g(x, y, z) ) /∂z2) + (∂2 ( g(x, y, z) ) /∂x∂y) +  

 

(∂2 ( g(x, y, z) ) /∂y∂x) + (∂2 ( g(x, y, z) ) /∂x∂z) + (∂2 ( g(x, y, z) ) /∂z∂x) +  

 

(∂2 ( g(x, y, z) ) /∂y∂z) + (∂2 ( g(x, y, z) ) /∂z∂y) ](x, y, z) dx dy dz                                (6) 

2.3 The Intensity-Curvature Functional 

The Intensity-Curvature Functional [1,2,3,4] is defined in equation (7), as the ratio 

between: (i) intensity-curvature term before interpolation (Eo(x))) and (ii) the intensi-

ty-curvature term after interpolation (EIN(x)). Where: x is the independent variable x 

in the one-dimensional case; the independent variable (x, y) in the two-dimensional 

case; and the independent variable (x, y, z) in the three-dimensional case.  

 

ΔE(x) = Eo(x) / EIN(x)             (7) 

 

Because of the fact that the Intensity-Curvature Functional (ICF) is a function of the 

independent variable x, it is possible to calculate from an MRI an immense number of 

ICF images each of which is derived from the numerical value of x. Additionally, as it 

shall be seen in the results section, the ICF is a filter mask which brings the MRI into 

another domain where it is possible to observe details of the MRI images under a 

complementary and/or additional perspective. The above stated characteristics make 

the ICF a unique mathematical engineering tool. 

3 Subjects, Pathologies and MRI Modalities 

The subjects, the tumor pathologies and the MRI modalities are detailed as follow: (i) 

a 64 years old male (pathology: oligodendroglioma) is shown in Fig. 1 (MRI modali-

ty: contrast enhanced T1-weighted MRI), (ii) a 72 years old male (pathology: brain 

metastases) is shown in Fig. 2 (MRI modality: Fluid Attenuated Inversion Recovery - 

FLAIR), (iii) a 55 years old male (pathology: brain metastases from pulmonary can-

cer) is shown in Figs. 3, 9 (MRI modalities: contrast enhanced T1-weighted MRI in 

Fig. 3 and T1-weighted MRI in Fig. 9), (iv) a 41 years old female (pathology: ana-

plastic oligodendroglioma) is shown in Fig. 4 (MRI modality: contrast enhanced T1-

weighted MRI), (v) a 38 years old female (pathology: meningioma) is shown in Fig. 5 

(MRI modality: contrast enhanced T1-weighted MRI), (vi) a 37 years old female (pa-

thology: cystic glioblastoma) is shown in Fig. 6 (MRI modality: contrast enhanced 
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T1-weighted MRI), (vii) a 44 years old female (pathology: glioblastoma) is shown in 

Fig. 7 (MRI modality: contrast enhanced T1-weighted MRI), (viii) a 42 years old 

male (pathology: tumor with intra-ventricular extension) is shown in Fig. 8 (MRI 

modality: Fluid Attenuated Inversion Recovery - FLAIR). The MRI scanning proce-

dures were conducted consistently with the routine diagnostic protocol and in compli-

ance with the ethical standards set by the General Hospital 8-mi Septemvri, Skopje - 

Macedonia, which is the institution where the patients were diagnosed. 

4 Results 

The results presented here were collected from the MRI data of the eight subjects 

described in the previous section. The organizational layout of the Figs. 1 through 9 is 

such that in (a) is shown the MRI data, and in (b) is shown the ICF calculated with 

equation (7) when fitting the bivariate linear function [4] to the MRI data shown in 

(a). In Figs. 1 through 9, all of the images except those in (a) were brightness contrast 

enhanced. Figs. 7, 8 and 9 show in (c) the result of the ICF based filtering.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. The contrast en-

hanced T1-weighted MRI 

is shown in (a) and the 

ICF of the image in (a) is 

shown in (b). The pixel 

matrix size is 512 x 512 

with pixel size of 0.45mm 

x 0.45mm. The tumor is 

visible inside the white 

ellipse. 

 

 

Fig. 2. The FLAIR imag-

ing modality is shown in 

in (a) and the ICF of the 

image in (a) is shown in 

(b). The pixel matrix size 

is 260 x 320 with pixel 

size of 1.00mm x 1.00mm. 

The tumor is visible inside 

the white ellipse.  

 

 

(a) 

(b) 

(a) 

(b) 

(a) 

(b) 

Fig. 3. The contrast en-

hanced T1-weighted MRI 

is shown in (a) and the 

ICF of the image in (a) is 

shown in (b). The pixel 

matrix size is 512 x 512 

with pixel size of 0.45mm 

x 0.45mm. The white 

arrow points to the tumor. 
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(a) 

(b) 

(a) 

(b) 

(a) 

(b) 

Fig. 4. The contrast en-

hanced T1-weighted MRI 

is shown in (a) and the 

ICF of the image in (a) is 

shown in (b). The pixel 

matrix size is 512 x 512 

with pixel size of 0.45mm 

x 0.45mm. The tumor is 

located inside the ellipse.  

 

 

Fig. 5. The contrast en-

hanced T1-weighted MRI 

in (a), (b) shows the ICF 

of the image in (a). The 

pixel matrix size is 512 x 

512 with pixel size of 

0.45mm x 0.45mm. The 

tumor is located inside the 

ellipse.  

Fig. 6. The contrast en-

hanced T1-weighted MRI 

is shown in (a), the ICF of 

(a) is shown in (b). The 

pixel matrix size is 512 x 

512 with pixel size of 

0.45mm x 0.45mm. The 

tumor is located inside the 

ellipse.  

 

Fig. 7. The contrast enhanced T1-weighted MRI is shown in (a) and the ICF of 

the image in (a) is shown in (b). The pixel matrix size is 512 x 512 with pixel 

size of 0.45mm x 0.45mm. The tumor is visible inside the white ellipse. The 

images are shown in the sagittal plane. In (c) is shown the filtered MRI when 

using the ICF (b) as filter mask, and the emphasis is on the tumor gray scale 

levels. 

 

 

(a) (b) (c) 
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The pathologies shown in Figs. 1 through 3 are: (i) oligodendroglioma, (ii) brain me-

tastases, and (iii) brain metastases from pulmonary cancer; respectively. The images 

shown in Fig. 2 were cropped. In Fig. 1b the visually perceptible third dimension is 

localized as a valley at the location of the tumor (see inside the white ellipse in (b)). 

The visually perceptible third dimension is also visible in the metastasis of Fig. 2b 

although less accentuated than the one seen in Fig. 1b, because of the MRI imaging 

modality, which is the FLAIR. Fig. 3b shows a clear and distinguished demarcation of 

the tumor affection (see white arrow), placed on an elevation which is higher than the 

localization of the rest of the cortical surface seen in (b).  

Figs. 1 and 3 demonstrate that the ICF is capable to build the medical intensity-

curvature measure map related to the accumulation of fluids in the human brain and 

of the contrast agent in the region of the tumor mass, and in the rest of the cortical 

surface and such accumulation is localized through the higher elevation correspond-

ing to the visually perceptible third dimension.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8. The FLAIR imaging modality is shown in in (a) and the ICF of the image in 

(a) is shown in (b). The pixel matrix size is 260 x 320 with pixel size of 0.72mm x 

0.72mm. The tumor is visible inside the ellipses in both of (a) and (b). In (c) is shown 

the result obtained filtering the MRI in (a) with the ICF shown in (b), which is used 

as the filter mask. The images were cropped. The filtered MRI in (c) reveals features 

of the tumor not quite readily observable in the FLAIR shown in (a). 

 

 

Fig. 9. The T1-weighted MRI imaging modality is shown in (a) and the ICF of the 

image in (a) is shown in (b). The pixel matrix size is 512 x 512 with pixel size of 

0.45mm x 0.45mm. The tumor is visible inside the ellipses in both of (a) and (b), 

however it is less visible than the tumors shown with the contrast enhanced T1-

weighted MRI modality. In (c) is shown the result obtained filtering the MRI in (a) 

using the ICF in (b) as the filter mask, and the tumor is more visible than it is in (b) 

and in (a). The images in (b) and in (c) were brightness contrast enhanced. 

 

 

(a) (b) (c) 

(a) (b) (c) 

ICT Innovations 2015 Web Proceedings ISSN 1857-7288

57 
S. Loshkovska, S. Koceski (Editors): ICT Innovations 2015, Web Proceedings, ISSN 1857-7288 

© ICT ACT http://ictinnovations.org/2015, 2015



Figs. 4b, 5b and 6b, allow the observation that the tumor is identified in the ICF 

images through valleys (see Fig. 4b) and elevations (see Figs. 5b and Fig. 6b). The 

medical intensity-curvature measure map is thus built in the ICF images. Due to clari-

fy that the medical intensity-curvature measure map seen in the ICF images is more 

demarcated when the visually perceptible third dimension is accentuated and such 

phenomenon happens because of the contrast agent used in the T1-weighted MRI 

imaging modality. Data not reported in this paper have shown [3] that when the MRI 

imaging modality is the T1-weighted without the contrast agent, the map seen in the 

ICF images shows less of the visually perceptible third dimension and more generally, 

a flattened cortical surface. The pathologies are: (i) anaplastic oligodendroglioma (see 

Fig. 4); (ii) meningioma (see Fig. 5); and (iii) cystic glioblastoma (see Fig. 6).  

Figs. 7, 8 and 9 shows in (c) the result of ICF based filtering of the MRIs shown in 

Figs. 7a, 8a and 9a respectively. Indeed, the ICF based filtering is made through the 

convolution of the ICFs of Fig. 7b, 8b, 9b, with the MRI of Figs. 7a, 8a, 9a respec-

tively. Thus, the ICF is used as filter mask. Figs. 7, 8 and 9 elucidate on the useful-

ness of the ICF images, which adds up to the capability of the ICF to provide with: (i) 

the visually perceptible third dimension perpendicular to the image plane (see Figs. 1 

through 8); and (ii) the medical intensity-curvature measure map related to the accu-

mulation of fluids (see Figs. 1 through 8). Both of the visually perceptible third di-

mension and the medical intensity-curvature measure map are visible in the ICF im-

age of Fig. 7b (see inside the white ellipse). Additionally, Fig. 7 (pathology: glioblas-

toma) shows in (c) the result obtained when filtering the MRI seen in Fig. 7a using as 

filter mask the ICF shown in Fig. 7b, and so (c) offers details of the tumor with a 

different gray scale versus the details observable in Fig. 7a. Filtering the MRI using 

the ICF image as filter mask makes it possible to obtain the filtered image (Fig. 7c) 

which is useful to highlight with a diverse gray scale, features of the tumor which 

would be yet visible in the MRI of Fig. 7a.  

Fig. 8 shows a Fluid Attenuated Inversion Recovery (FLAIR) imaging modality of 

the tumor with intra-ventricular extension in (a) and the ICF in (b). Likewise Fig. 2b, 

Fig. 8b shows that both of the features: (i) the visually perceptible third dimension 

and (ii) the medical intensity-curvature measure map; are less demarcated when the 

imaging modality is the FLAIR. And, thus Fig. 8 suggests that in order to obtain the 

aforementioned features, the MRI imaging modality needs to be the contrast enhanced 

T1-weighetd MRI.  

Worth noting that in Fig. 8c the result obtained filtering the FLAIR shown in (a) 

with the ICF seen in (b), reveals features of the tumor not quite readily observable in 

the FLAIR of Fig. 8a. The aforementioned behavior is the novelty of this research and 

it has been observed in sample images collected from four subjects out of eight.  

Fig. 9 shows the evidence that the T1-weighted MRI (without contrast agent) does 

not provide the ICF with a well behaved and well demarcated visually perceptible 

third dimension, however filtering the MRI in (a) with the ICF in (b) provides with an 

enhanced gray level scale (see Fig. 9c) where details of the tumor are well visible and 

accentuated when compared with the MRI shown in (a). 
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5 Discussion 

The first aim of this paper is to reinforce on the mathematical formalism relevant to 

the calculation of the Intensity-Curvature Functional [1,2,3,4]. The notation given in 

this paper recalls that the ICF is the ratio between the primitive of the functions under 

the integral (or integrals when calculating in two and three dimensional cases). The 

functions which allow the calculation of the ICF are: (i) the intensity-curvature term 

before interpolation, and (ii) the intensity-curvature term after interpolation. The 

property needed by the aforementioned functions is to be differentiable with respect 

to the independent variables. The interpretation of the results needs to emphasize on 

the three most important advantages of the ICF images. The advantages are: (i) the 

possibility to highlight the tumor contour line without the need of segmentation [4], 

(ii) the increased visibility of the tumor mass at the location of the accumulation of 

fluids [3,4] which is determined through the visually perceptible third dimension per-

pendicular to the image plane [4], and (iii) the filtering properties of the ICF. The 

highlight of the tumor contour line [4] is clearly visible in the figures presented in the 

results section and it is related to the injection of the contrast agent into the subject 

and the consequent imaging modality: contrast enhanced T1-weighted MRI [3]. The 

contrast agent tends to accumulate in proximity and onto the tumor mass. As far as 

regards the physiological phenomenon of the accumulation of contrast agent, the ICF 

images are capable to capture the borderline of the tumor which appears spatially well 

defined as shown in the figures. Another important behavior of the ICF images is to 

highlight the brain sulci and gyri and more generally the various brain structures. 

Indeed the figures presented in the results section demonstrate that the ICF images 

show mounts and valleys in the proximity of the brain structures and this phenomenon 

is a definite characteristic of the ICF images. 

The second most important advantage of the ICF is the visually perceptible third 

dimension [3] along the axis perpendicular to the imaging plane. It can be asserted 

that to trigger the manifestation of the visually perceptible third dimension (likewise 

the capability of the ICF images to show mounts and valleys at the location of sulci 

and gyri of the brain, and the highlight of the tumor borderline) is the contrast en-

hanced T1-weighted MRI modality. In fact, as visible in Figs. 2 and 8, both of: (i) the 

highlight of the tumor contour line (and more generally the human cortex structures), 

and (ii) the visually perceptible third dimension; are less accentuated when the FLAIR 

imaging modality is used to image the tumor through MRI. It is also due to emphasize 

that the ICF embeds the characteristics of a filter mask as it is true that filtering the 

MRI with the ICF results into the filtered MRI (see Figs. 7c and 8c).  

Moreover, as Fig. 8c shows, when the imaging modality is the FLAIR, the ICF 

based filtering is capable to add information and so to reveal details not quite observ-

able in the FLAIR shown in Fig. 8a. The aforementioned phenomenon has been ob-

served in four subjects out of the eight and it is what makes the true and neat differ-

ence between this piece of research and the research reported earlier in [3]. Finally, 

because of the originality and the uniqueness of the present works it is not possible to 

make comparison with related works in the literature.  
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6 Conclusion 

It is due to emphasize that the formalism of both of the intensity-curvature term be-

fore interpolation (Eo(x)), and the intensity-curvature term after interpolation (EIN(x)) 

demands the calculation of the primitives of the integrand functions. The advantage of 

doing so is to place the primitive functions obtained: Eo(x) and EIN(x); into the form 

of the ratio of equation (7), which makes it possible to bring the MRI data into the 

domain of the Intensity-Curvature Functional (ICF). This research has shown that the 

contrast enhanced T1-weigthed MRI imaging modality allows the ICF images to 

build: (i) the clear and neatly demarcated visually perceptible third dimension; and (ii) 

the medical intensity-curvature measure map related to the accumulation of fluids in 

the tumor. Additionally, the ICF has been demonstrated to be a filter mask, which can 

be convolved to the MRI to make it possible to see an enhanced gray level scale. Fi-

nally, the novelty of this research is the capability of the ICF to filter the FLAIR im-

aging modality and so to show details not observable in the FLAIR images. 
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