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Abstract. This work studies the human brain affected from tumor related pa-
thologies, specifically: (i) a lesion and (ii) a Glioblastoma multiforme. Applica-
tions of Magnetic Resonance Imaging (MRI) post-processing techniques are 
presented. The techniques perform feature extraction and thus collect comple-
mentary and/or additional information from the original MRI. The techniques 
are: (i) the signal resilient to interpolation, (ii) the intensity-curvature function-
al, (iii) the intensity-curvature measure, and (iv) the classic-curvature. The four 
biomedical image processing techniques all descend from the concept of clas-
sic-curvature, which can be calculated on the brain images through the summa-
tion of all of the second order derivatives of the Hessian of the model function 
fitted to the image data. The results show that through feature extraction of the 
original MRI it is possible to collect information about the two brain patholo-
gies herein studied. More specifically, the signal resilient to interpolation pro-
vides with the specular inverted MRI, the intensity-curvature functional and the 
classic-curvature provide with the depth information of: (i) the pathology and 
(ii) the anatomy of the human brain, and the intensity-curvature measure pro-
vides with an additional view on the pathology which is complementary to the 
view obtained through the original MRI. 

Keywords: classic-curvature, intensity-curvature functional, intensity-curvature 
measure, model polynomial function, signal resilient to interpolation. 

1 Introduction 

Recent works aimed to the collection of complementary and/or additional infor-
mation from MRI images of the human brain affected from a tumor [1-3] have shown 
that it is possible to obtain the depth information of the human brain pathology along 
with the contour line of the pathology [3]. The aforementioned works have also 
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shown that it is possible to highlight human brain features with the use of both the 
signal resilient to interpolation [2] and the intensity-curvature functional [1, 2]. The 
aforementioned works were achieved through the use of the following mathematical 
procedure. Fitting a model polynomial function to the MRI data is paramount. Specif-
ically, once the model function is fitted to the data, it is possible to calculate all of the 
second order derivatives of the Hessian of the model function. The sum of all of the 
second order derivatives is called classic-curvature [4] and is an image. Once the 
classic-curvature is calculated, the intensity-curvature functional is calculated through 
the ratio of the following two intensity-curvature terms. (i) The intensity-curvature 
term before interpolation which is defined as the integral of the product between the 
value of the pixel intensity, at the grid of the sequel of digitally sampled data, and the 
value of the classic-curvature calculated at the origin of the pixel coordinate system: 
(x, y) = (0, 0) in 2D or (x, y, z) = (0, 0, 0) in 3D. And (ii) the intensity-curvature term 
after interpolation which is defined as the integral of the product between the model 
polynomial function and the classic-curvature, both of them calculated at the intra-
pixel coordinate where re-sampling takes place: (x, y) in 2D, or (x, y, z) in 3D. The 
equation of the intensity-curvature term before interpolation and the intensity-
curvature term after interpolation provides with the mathematical expression that 
allows the calculation of the signal resilient to interpolation (SRI) image. The SRI 
image is calculated by solving the aforementioned equation in the value of the pixel 
intensity at the node of the grid of digitally sampled data. Naturally, given the defini-
tions of intensity-curvature terms, the SRI will not be the same as the original signal 
instead it will be that signal which is a function of the model function and the classic-
curvature.  

In this paper we introduce a new mathematical engineering instrument called in-
tensity-curvature measure, which is derived from the the monovariate sinc formula. 
The pathologies studied here were diagnosed through Magnetic Resonance Imaging 
and they are related to human brain tumor: (i) brain lesion [5] and (ii) Glioblastoma 
multiforme [6]. More specifically, as it will become clear in the results section, the 
most prominent mathematical engineering instruments are: the intensity-curvature 
functional (ICF) and the classic curvature. The ICF has been demonstrated able to 
extract the depths information from 2D MRI along with automatic detection of the 
tumor contour line [3]. The signal resilient to interpolation is also of importance as it 
was shown in [2] because provides the MRI with the specular negative of the image 
stressing on the features of interest which in the case of this work are highlights on 
the human brain pathology in both of the cases: (i) lesion and (ii) Glioblastoma multi-
forme. Within the context of the methodology adopted for the calculation of the four 
mathematical engineering instruments: (i) signal resilient to interpolation, (ii) intensi-
ty-curvature functional, (iii) intensity-curvature measure and (iv) classic-curvature; it 
is important to recall that through the intra-pixel coordinate used for re-sampling (for 
instance the calculation of the value of the signal through the model polynomial func-
tion fitted to the data), is possible to obtain a very large number of images, each cor-
responding to the re-sampling coordinate chosen for the calculations. 

The novelty in the works presented herein consists in the use of the four aforemen-
tioned mathematical engineering instruments for the first time together and with the 
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aim to perform feature extraction from pathological MRI images so to show comple-
mentary and/or additional information collectible from the original MRI. The theory 
section will concentrate on the formulation of the intensity-curvature measure (which 
is an image), whereas the compact formulations of the signal resilient to interpolation, 
the intensity-curvature functional and the classic-curvature were reported in [1, 2]. 
The intensity-curvature measure is defined in the theory section and it borrows con-
cepts related to previous works related to signal-image interpolation [7]. 

2 Theory 

This section reports on the intensity-curvature measure of the monovariate sinc 
formula. The sub-pixel efficacy region xSRE of the monovariate sinc formula is defined 
in [7]. The intensity-curvature measure of the monovariate sinc formula is here de-
fined as the ratio: 

( )
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Where in (2) through (6), N = NEI is the number of pixels in the convolution, 
with ( )SREIN xE and ( )xxE SREIN − defined as follows.  
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3 Results 

The polynomial functions fitted to the data were: (i) the monovariate cubic La-
grange formula (used solely to the purpose of calculating the intensity-curvature func-
tional shown in Fig. 1c); (ii) the bivariate cubic Lagrange formula; (iii) the bivariate 
linear function; (iv) the monovariate sinc formula, and (v) the bivariate cubic formula; 
used to calculate the signal resilient to interpolation, the intensity-curvature function-
al, the intensity-curvature measure and the classic-curvature, respectively.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
In all of the cases of the bivariate cubic Lagrange formula, the bivariate linear 

function and the bivariate cubic formula, the coordinate used for re-sampling is (x, y) 
= (0.1mm, 0.1mm), whereas for the sinc formula and the monovariate cubic Lagrange 
formula the coordinate used for re-sampling is x = 0.1mm. The aforementioned values 

Fig. 1. In (a) is shown the original MRI 
with the brain lesion. In (b), in (c) and 
in (d), are shown the signal resilient to 
interpolation, the intensity-curvature 
functional and the intensity-curvature 
measure of the MRI seen in (a) respec-
tively. The pixel matrix size is 262 x 
320 with pixel size of 0.78mm x 
0.78mm. 

 

Fig. 2. The original MRI is shown in (a) along 
with the brain lesion. In (b), (c) and (d) are shown 
the SRI, the intensity-curvature functional and the 
intensity-curvature measure of the MRI seen in (a) 
respectively. The pixel matrix size is 512 x 512 
with pixel size of 0.45mm x 0.45mm. 

 

 

(a) (b) 

(c) (d) 

(a) (b) 

(c) (d) 
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were used consistently for the calculation of all of the resulting images presented in 
this section. The images in Fig.1b, 2b, 3b, 4b, 5b, 6b, 7b and 8b are signal resilient to 
interpolation images. The images in Fig. 1c, 2c, 3c, 4c, 5c, 6c, 7c and 8c are intensity-
curvature functional images. The images in Fig. 1d, 2d, 3d, 4d, 5d, 6d, 7d and 8d are 
intensity-curvature measure images. While Figs. 1, 2, 3 and 4 make an overview on 
the brain lesion, Figs. 5, 6, 7, and 8 are focused on the study of the Glioblastoma mul-
tiforme. Fig 1 and Fig. 2 show the original MRI in (a) and the three mathematical 
engineering instruments: signal resilient to interpolation; intensity-curvature function-
al; and intensity-curvature measure in (b), (c) and (d) respectively. Figs. 1b, 1d, 2b 
and 2d show the original MRI under a different perspective, more specifically the SRI 
seen in Fig. 1b and Fig. 2b shows the specular of the MRI seen in Fig. 1a and Fig. 2a. 
Fig. 1b and Fig. 1d confirm the lesion seen in Fig. 1a, whereas Fig. 1c shows the de-
marcation of the contour line of the lesion. The intensity-curvature functional seen in 
Fig. 2c, shows the depths of the sulci and also the depths of the lesion. Fig. 2c makes 
the visual appearance as if there was a higher elevation from the imaging plane, where 
the features not discernible in the images in (a), are made visible. The aforementioned 
behavior is more visible in Fig. 2c than it is in Fig. 1c because in Fig. 2c the higher 
elevation covers the full spatial extent of the lesion, whereas in Fig. 1c what is high-
lighted in its third dimension is the contour line of the lesion. It is interesting to note 
that the information provided all together in the images of Figs. 2b, 2c and 2d depict 
the brain lesion more clearly than it is shown in the original MRI shown in Fig. 2a. 
Due to acknowledge that Fig. 2a is not brightness-contrast enhanced neither is bright-
ness-contrast enhanced the images seen in Fig. 2b and Fig. 2d. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. The original MRI with the brain lesion is 
shown in (a). In (b) is shown the SRI of the image 
seen in (a), in (c) is shown the intensity-curvature 
functional of the original MRI (a), and in (d) is 
shown the intensity-curvature measure of the MRI 
seen in (a). The pixel matrix size is 262 x 320 with 
pixel size of 0.78mm x 0.78mm. 

 

 

(a) (b) 

(c) (d) 

Fig. 4. Likewise Fig. 3 in (a) is shown the original 
MRI with the brain lesion. While, (b), (c) and (d) 
show the signal resilient to interpolation, the in-
tensity-curvature functional, and the intensity-
curvature measure of (a). The pixel matrix size is 
260 x 320 with pixel size of 0.78mm x 0.78mm. 

 

 

(a) 

(d) 

(b) 

(c) 
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Fig. 3 and Fig. 4 show the original MRI in (a) and the three mathematical engineer-
ing instruments in (b), (c) and (d) respectively. The pathology observed in Fig. 3 and 
Fig. 4 is again the brain lesion. When looking at the figures in (b) and in (d), which 
are the signal resilient to interpolation and the intensity-curvature measure respective-
ly, it is possible to note the different color and brightness-contrast enhancement pro-
vided by the images. It is important to report that except for the intensity-curvature 
functional images and the classic-curvature images shown in Fig. 9, none of the imag-
es shown in this paper is brightness-contrast enhanced, therefore the brightness-
contrast enhancement provided through the mathematical engineering instruments is a 
benefit embedded in their use. The images in (c) of Fig. 3 and Fig. 4, which are inten-
sity-curvature functional images, show a third dimension of the pathology and also of 
other anatomical structures of the brain. The comparison of Fig. 4 versus Fig. 3 shows 
also that the images in Fig. 4 are well defined in the characterization of the contour 
line of the lesion, more than what can be seen while looking at the images in Fig. 3. 
More in general, Figs. 1, 2, 3 and 4 present a characterization of the brain lesion seen 
in the original MRI. While the behavior of the signal resilient to interpolation is the 
one of presenting the lesion in dark (see Figs. 1b, 2b, 3b and 4b); the behavior of the 
intensity-curvature measure is the one of presenting the brain lesion in white (see 
Figs. 1d, 2d, 3d and 4d); and the behavior of the intensity-curvature functional is the 
one of presenting the third dimension of the lesion along with the contour line (see 
Figs. 1c, 2c, 3c and 4c). The three mathematical engineering instruments are then 
useful in providing the original MRI with complementary and/or additional infor-
mation. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 5. In (a) is shown the original MRI with the 
brain pathology. In (b) is shown the SRI of the 
image seen in (a), in (c) is shown the intensity-
curvature functional of the original MRI (a), and 
in (d) is shown the intensity-curvature measure 
of the MRI seen in (a). The pixel matrix size is 
512 x 512 with pixel size of 0.48mm x 0.48mm. 

 

 

Fig. 6. The original MRI is shown in (a). 
The signal resilient to interpolation of (a) 
is shown in (b). The intensity-curvature 
functional of (a) is shown in (c) and the 
intensity-curvature measure of (a) is shown 
in (d). The pixel matrix size is 262 x 320 
with pixel size of 0.72mm x 0.72mm. 

 

(a) 

(d) 

(b) 

(c) 

(a) 

(d) 

(b) 

(c) 
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Fig. 5, Fig. 6, Fig. 7 and Fig. 8 show a human brain MRI affected from a Glioblas-

toma multiforme. In Fig. 5c, it is observable the third dimension perpendicular to the 
imaging plane as provided through the intensity-curvature functional, whereas in Fig. 
5b and Fig. 5d it is possible to observe the pathology with a level of brightness-
contrast enhancement which is different from the one observed in Fig. 5a. Fig. 6 and 
Fig. 8 show, likewise Fig. 5 and Fig. 7, the original MRI in (a) and the biomedical 
image processing of the MRI in the images shown in (b), (c) and (d), which are, the 
signal resilient to interpolation, the intensity-curvature functional and the intensity 
curvature measure respectively. The area of the Glioblastoma is shown in dark in Fig. 
6b, whereas in Fig. 6d is shown in white, and in Fig. 6c the third dimension is shown 
through the intensity-curvature functional. In Fig. 6c an interesting observation is the 
different highlight of the left and right hemispheres where the pathology and the cor-
tex of the human brain are both shown with a third dimension perpendicular to the 
image plane. Fig. 7 demonstrates similar observations made for the three mathemati-
cal engineering instruments regarding the previous pictures. Fig. 5c shows a neat 
contour line of the brain pathology and such contour line is on a plane of higher ele-
vation when compared with the original MRI. Also, Fig. 5b and Fig. 5d, Fig. 7b and 
Fig. 7d present the Glioblastoma with the inner anatomical structures of the pathology 
more clearly demarcated than the original MRI signal seen in Fig. 5a and Fig. 7a. In 
fact, also the images in Fig. 7b, Fig. 7c, and Fig. 7d show both the contour line and 
the inner structures of the Glioblastoma multiforme seen in Fig. 7a.  

An observation which focuses the attention on the contour line and the inner struc-
tures of the Glioblastoma can be made on the basis of the images shown in Fig. 8. 

Fig. 7. In (a) is shown the original MRI with 
the brain lesion. In (b) is shown the SRI of 
the image seen in (a), in (c) is shown the 
intensity-curvature functional of the original 
MRI (a), and in (d) is shown the intensity-
curvature measure of the MRI seen in (a). 
The pixel matrix size is 512 x 512 with pixel 
size of 0.45mm x 0.45mm. 

 

 

(a) 

(d) 

(b) 

(c) 

Fig. 8. In (a) is shown the original MRI 
with the brain lesion. In (b), (c) and (d) is 
shown the signal resilient to interpolation, 
the intensity-curvature functional and the 
intensity-curvature measure of the original 
MRI shown in (a). The pixel matrix size is 
512 x 512 with pixel size of 0.48mm x 
0.48mm. 

 

 

(a) 

(d) 

(b) 

(c) 
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While in Fig. 6c the third dimension is extended to both pathology and cortex, the 
third dimension, in Fig. 8c is specifically focused on the highlight of the contour line 
of the pathology. More generally Fig. 6b, 6c, 6d add information to that already dis-
cernible in Fig. 6a, and similarly Fig. 8b, 8c, 8d add information to the information 
provided through the original MRI shown in Fig. 8a. It is also worth noting the behav-
ior of the signal resilient to interpolation and the intensity-curvature measure, which is 
that of inverting the original MRI. Indeed, in the former images the brain pathology is 
shown in dark, while in the latter images the brain pathology in bright, with same 
level of details of the anatomical structures of both of the anomaly and the human 
brain structures.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9 shows the results of the calculation of the classic-curvature images using the 

bivariate cubic formula. The images in Fig. 9 are derived from the original MRI 
shown in Figs. 1a, 2a, 3a, 4a, 5a, 6a, 7a, 8a. The bivariate cubic formula is reported in 
chapter 1 in [8] and allows imaging the classic-curvature with similar appearance as 
to if it was the intensity-curvature functional of the bivariate linear function as shown 
in [3]. That means that a third dimension appears perpendicular to the two-
dimensional imaging plane so to show the contour line of the tumor. In other words, 
the classic-curvature shown in Fig. 9 performs feature extraction from the original 
MRI. The key to further research is to reveal the true information content provided 
with the classic-curvature and the intensity-curvature functional, and to see if such 
information content is useful to the diagnosis of the brain pathology. 

Fig. 9. In (a), (b), (c), (d), (e) (f), (g) and (h) are shown the classic-curvature images 
of the original MRI shown in in Figs. 1a, 2a, 3a, 4a, 5a, 6a, 7a, 8a, calculated with the 
bivariate cubic formula (chapter 1 in [8]). In the upper row, the images are relevant to 
the lesion and the bottom row the images are relevant to the Glioblastoma multi-
forme. Worth noting the third dimension seen along the perpendicular to the imaging 
plane, which highlights on the tumor contour line as well as the depths of the anatom-
ical structure of the brain. For the first time a set of classic-curvature behaves as if it 
were intensity-curvature functional images of the bivariate liner function. 

 

 

(a) (b) (c) (d) 

(e) (f) (g) (h) 
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4 Discussion and Conclusion 

Both correct diagnosis and resection of the Glioblastoma multiforme is associated 
with high survival rate [9] and therefore either of the two tasks is of very high im-
portance. MRI is of crucial importance to diagnose brain lesions along with brain 
tumors [10] or more specifically with glioblastoma multiforme [11]. Brain lesions 
have been presented with images normalized to standard stereotaxic space [12], also 
studied with T1 MRI in Multiple Slerosis patients [13], and MRI has proven determi-
nant for tumor identification, diagnosis and resection [14].  

From the literature it becomes clear that imaging of the human brain lesion within 
the context of MRI tumor diagnosis and intraoperative resection is very important to 
patient survival. With this idea in mind, this paper intends to propose a novel ap-
proach to the diagnosis of both brain lesion and brain glioblastoma multiforme, and 
more generally to human brain tumor MRI. The novel approach is based on the bio-
medical imaging processing techniques here presented in qualitative form when imag-
ing the aforementioned brain pathology. In fact, when looking at the figures reported 
in this paper, the following general observations can be made. Both of the intensity-
curvature functional and the classic-curvature are able to provide with the third di-
mension of the anatomical structures of the brain and also of the regions affected from 
the pathology. The signal resilient to interpolation and the intensity-curvature measure 
are capable to share a different and complementary view on the appearance of the 
MRI and so they are useful in providing complementary information. It is then worth 
stressing on the main finding of the works here presented.  

The finding is that the four mathematical engineering instruments are capable to 
provide the original MRI with additional (the intensity-curvature functional and the 
classic-curvature) and/or complementary information (the signal resilient to interpola-
tion and the intensity-curvature measure), making it possible to increase the infor-
mation content within the context of the diagnosis. The intensity-curvature functional 
and the classic-curvature are capable to add additional information to the one already 
provided with the original MRI through the highlight of the tumor contour line in its 
spatial extent. In this regard, the bivariate linear function and the bivariate cubic func-
tion  [8] fitted as model function to the MRI data is of pivotal importance because it 
provides the 2D MRI with the third dimension observable along the direction perpen-
dicular to the imaging plane [3].  

The proposed methodology is useful in clinical applications because of the com-
plementary and/or additional information provided to the MRI, but the extent of the 
usefulness needs to be quantified with additional research. It is also needed to validate 
the usefulness of the third dimension seen in the images. Due to the originality of the 
works here presented it is not possible to compare the results here presented and those 
results previously obtained [1-3] with those of the literature. Therefore, the proposed 
approach to post-process the MRI, intends to add value to the diagnosis of the patho-
logical human brain. However to be cautious, the aforementioned intent is not 
claimed to be successful yet, because additional work is needed in clinical applica-
tions. A new method to post-process the MRI is also proposed in this paper and it is 
the one of the Intensity-Curvature Measure.  
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