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Abstract. Binary Gray code is used elsewhere to propose a fast algorithm for construction of ΛΠτ − sequences. In this paper, the binary
Gray code is generalized in the case when the base b is an arbitrary
prime number. This b−adic Gray code and direction matrices are used
to propose a new eﬃcient algorithm for construction of a special class
of low-discrepancy sequences and nets, called digital (t, s)− sequences
and (t, m, s)− nets in base b. Two computer programs are written. The
ﬁrst one generates generalized Gray code over the ﬁeld IFb . The results
of the ﬁrst program are used as input in the second program, which
constructs (t, s)− sequences and (t, m, s)− nets in the base b. In this
manner, this theoretical algorithm is practically realized. The generalization of Antonov and Saleev’s approach is the main motivation of our
theoretical and practical investigations.
Keywords: Low-discrepancy sequence, Sobol’s sequence, (t, s)-sequence,
(t, m, s)-net, b−adic Gray code, direction numbers, direction matrices

1

Motivation

This paper is based on two principles:
1. A generalization of the constructive approach of Antonov and Saleev ([1]),
which produces classes of (t, s)− sequences over the ﬁeld IF2 by using binary
Gray code;
2. The results of our previous paper ([2]), where we constructed a class of digital
(t, s)− sequences and (t, m, s)− nets over the ﬁeld IFb with a prime base b.
The main progress of this paper is the possibility to use the b−adic Gray
code to construct a class of (t, s)− sequences and (t, m, s)− nets over the ﬁeld
IFb with a prime base b.

2

Introduction

Let s ≥ 1 be a ﬁxed integer. The parameter s denotes the dimension in our
investigation. Following Niederreiter ([6]), we will give a concept of a class of
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sequences with well distribution of their points in the unit s−dimensional cube
[0, 1)s . So, let b ≥ 2 be a ﬁxed integer what is the base in which the considered
sequences and nets are constructed. In the following, we give the deﬁnition of a
(t, m, s)−net and a (t, s)−sequence.
Deﬁnition 1. Let t and m (0 ≤ t ≤ m) be given integers. A point set P consisting of bm points in [0, 1)s is called a (t, m, s)−net in base b, if every subinterval

s 

aj a j + 1
J =
has a volume bt−m and contains exactly bt points of P ,
,
dj
dj
b
b
j=1

where dj ≥ 0 and 0 ≤ aj < bdj are integers for 1 ≤ j ≤ s.

Deﬁnition 2. Let t ≥ 0 be a given integer. The sequence (xn )n≥0 of points in
[0, 1)s is called a (t, s)−sequence in base b if for all l ≥ 0 and m ≥ t, the point
set
{xlbm , . . . , x(l+1)bm −1 }
is a (t, m, s)−net.
We denote that a (t, m, s)−net is extremely well distributed if the parameter
t is small.
We will give some notations and statements about the linear homogeneous
recurrence relations and primitive polynomials over the ﬁeld IFb .
Let i ∈ ZZ, and ui ∈ IFb for 0 ≤ i ≤ m − 1, ai ∈ IFb , a0 = 0. A relation of the
form
Lui = ui+m + am−1 ui+m−1 + . . . + a1 ui+1 + a0 ui
(1)
is called linear homogeneous recurrence relation over IFb of order m with constant
coeﬃcients (LHRR). A solution of the equation
Lui = 0
is a sequence {ui } = {. . . u−2 , u−1 , u0 , u1 , u2 , . . .} whose elements are from IFb
and they satisfy previous equation for all integer i. The solutions of the equation
Lui = 0 have cyclic character. It is easy to show that the solution {ui } is
periodical with a period ω such that ω ≤ bm − 1.
The relation Lui is called monocyclic if the equation Lui = 0 has only one
solution with period ω = bm − 1.
For every LHRR (1), there exists a unique polynomial of degree m over IFb
of the form
Lui ↔ P (x) = xm + am−1 xm−1 + . . . + a1 x + a0 ,

(2)

where for i = 0, 1, . . . m − 1, ai ∈ IFb .
An irreducible polynomial is a non-constant polynomial that cannot be factorized into the product of two non-constant polynomials. Lidl and Niederreiter
in [7] give the following deﬁnitions and results: It is well known that to a monocyclic relation of the form (1) corresponds an irreducible polynomial. In other
side, this condition is not suﬃcient. Zierler ([10]) proved that the condition ”the
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polynomial (2) is primitive” is the necessary and suﬃcient condition for monocyclicality of relation (1). A polynomial is primitive if it is irreducible, a divisor
of the binomial xω −1 (ω is the period of the corresponding monocyclic relation),
and it is not a divisor of a binomial xq − 1 of degree q < ω.
Following Sobol’ [9] and our paper[2] we will recall the theoretical bases of
the construction of sequences of b−adic rational type, so-called BR− sequences.
So, the details are as follows: Let {Vj }j≥1 = {V1 , V2 , . . . , Vj , . . . , } be an arbitrary
sequence of b−adic rational numbers such that for j ≥ 1 we have that 0 < Vj < 1.
The numbers of this sequence we will call direction numbers.
Deﬁnition 3. A BR− sequence {r(i)}i≥0 which corresponds to the direction
numbers {Vj }j≥1 is deﬁned as: if an arbitrary integer number i has the b−adic
presentation
i = em em−1 . . . e2 e1 ,
then we replace

r(i) = e1 V1 ∗ e2 V2 ∗ . . . ∗ em Vm ,

where * is the operation digit-by-digit summation modulo b and we have that
ej Vj = Vj ∗ . . . ∗ Vj .



ej −times

We can represent the direction numbers Vj in the form of b− adic fractions:
Vj = 0, vj1 vj2 . . . vji . . . ,

(3)

where all vji ∈ IFb . In this sense the setting of the sequence {Vs } is equivalent to
setting an inﬁnite matrix (vji ) with elements from the ﬁeld IFb , so let us signify
⎡
⎤
v11 v12 . . . v1i . . .
⎢ v21 v22 . . . v2i . . . ⎥
⎢
⎥
⎥
(vji ) = ⎢
⎢... ... ... ... ...⎥.
⎣ vj1 vj2 . . . vji . . . ⎦
... ... ... ... ...
This matrix is called direction matrix. By using results of the paper ([2]) the
following statement holds:
Let Lui be an arbitrary monocyclic LHRR over the ﬁeld IFb of order m. We
generate the direction numbers V1 , V2 , . . . , Vi , . . . as a solution of the equation
Vi+m ∗ am−1 Vi+m−1 ∗ . . . ∗ a1 Vi+1 ∗ a0 Vi = b−m Vi ,

(4)

−m

i.e., LVi = b Vi , obtained by replacing of symbol + with operation * in the
relation Lui . The initial conditions V1 , V2 , . . . , Vm of the equation (4) can be
chosen in diﬀerent manners, but for our purposes it is necessary to satisfy the
next conditions: we assume that vjj = 0 for all j ≥ 1 in the b−adic presentation
of the number Vj of the form (3) and vji = 0 for i > j. In this way the matrix
⎤
⎡
v11 0 . . . 0
⎥
⎢ v21 v22 . . . 0
⎥
(vji ) = ⎢
⎣... ... ... ... ⎦
vm1 vm2 . . . vmm
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is triangular and nonsingular. On the main diagonal there are nonzero numbers
and all the entries above the main diagonal are zero.
In the next theorem given in [2], we show the possibility to use monocyclic
LHRR as a tool to construct (t, s)−sequences.
Theorem 1. Let b be a prime number and L1 , L2 , . . . , Ls be diﬀerent monocyclic
LHRR of orders m1 , m2 , . . . , ms over IFb . For k = 1, 2, . . . , s, let (P (k) (i))i≥0
be the BR− sequence which corresponds to the relation Lk . Then the sequence
(P (i))i≥0 of points of the form
P (i) = (P (1) (i), P (2) (i), . . . , P (s) (i))
s
is a (t, s)− sequence in base b with a parameter t = k=1 (mk − 1).

3

Generalization of binary Gray code and other useful
results

In the next formula we give the so-called b−adic Gray code in the case when b is
an arbitrary prime number. For an arbitrary integer number i we deﬁne b−adic
Gray code with
G(i) = i ∗ (b − 1) · [i/b],
(5)
where * is the operation digit-by-digit summation modulo b and [ bi ] means the
i
integer part of the number .
b
For the Gray code, it is essential to note the fact that Gray codewords G(i)
and G(i − 1) of two successive integers i and i − 1, are diﬀerent only in one digit,
which position we will denote by l. Our investigations show that this diﬀerence
is equal to 1 and the position l is the lowest nonzero position in the b−adic
presentation of i.
On Table 1, we present Generalized Gray codes, for base b = 7, for some
numbers n.
Let Q0 , Q1 , . . . be an arbitrary s− dimensional (t, s)− sequence in base b.



Using (5), let us construct a new sequence Q0 , Q1 , . . . where Qi = QG(i) . For an
arbitrary integer i with the b−adic presentation i = em em−1 . . . e2 e1 , we set
Qi = e1 V (1) ∗ . . . ∗ em V (m) ,
where direction numbers V (j) , j = 1, 2, . . . are deﬁned in [2].
For an arbitrary b−adic digit a ∈ IFb we use the signiﬁcation

0,
a=0
a=
b − a, a = 0
For an arbitrary integer i with the b−adic presentation i = em em−1 . . . e2 e1 we
will use the notation
i = em em−1 . . . e1 .
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Table 1. Generalized Gray code, base b = 7, for some numbers n
n10
51
52
53
54
55
56
57
58
59
60

n7 Gray code(n) (Gray code(n))10
102
162
93
103
163
94
104
164
95
105
165
96
106
166
97
110
106
55
111
100
49
112
101
50
113
102
51
114
103
52

From the previous analysis it is obvious that




Qi ∗ Qi−1 = QG(i) ∗ QG(i−1) = V (l) ,
where l is the lowest nonzero position in the b−adic presentation of i. It implies
that


Qi = Qi−1 ∗ V (l) ,






i.e., if the coordinates of the point Qi are (qi,1 , . . . , qi,s ) then




(l)

qi,j = qi−1,j ∗ Vj , i = 1, 2, . . . , j = 1, 2, . . . s,

(6)



with initial condition that q0,j = 0, j = 1, 2, . . . s.

4

Algorithm

According to (5), results in previous section and exposed algorithms in [2] and
[3], in this paper we propose a new algorithm for construction of sequences in
base b, where b is an arbitrary prime. The steps of the algorithm are:
1. For an arbitrary integer i, ﬁnd the b−adic presentation
i = em em−1 . . . e2 e1 ,
and then compute number l as the lowest nonzero position in the
previous formula.
2. Compute direction vectors V (l) using algorithm in [2].

3. Compute coordinates of the new point Qi given by (6).
In order to visualize the (t, s)− sequences constructed by the proposed algorithm, a computer program is written. The output of this program is one
s-dimensional (t, m, s)− net, where b is an arbitrary prime.
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5

Results from the software simulations and visualizations

In the following we present some results of this program for diﬀerent dimensions
s and diﬀerent bases b, where N is the number of points of the net.
In Table 2, we present the times (in seconds) for generation of (t, m, s)−
net in base b, for the generalized Sobol’s algorithm and for the new algorithm
proposed here. It is obvious that the new proposed algorithm is faster than the
our old generalized Sobol’s algorithm.
On the next two ﬁgures there are visualized some obtained results by the
new proposed algorithm.
Table 2. Comparison between the times (in seconds) for the generalized Sobol’s algorithm and the new algorithm
Base b Expon. ν
19
3
7
5
2
15
13
4
19
4
17
4
7
6
23
4

Number N Dimension s Generalized Sobol’s alg. New alg.
6,859
2
0.59
0.46
16,807
3
5.1
3.5
32,768
1
7.7
2.2
28,561
3
9.6
6.4
130,321
2
14.6
9.4
83,521
3
24.2
17.7
117,649
2
33.1
10.1
279,841
3
70.8
53.6
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Fig. 1. Visualization: s = 2, N = 6859, b = 19
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Fig. 2. Visualization: s = 3, N = 16807, b = 7

6

Conclusion

Obtained experimental results and their visualizations have veriﬁed our expectations that this new algorithm will produced well distrubuted (t, s)− sequences
over IFb for shorter time than our prevoius algorithm proposed in [3].
The next step will be to give mathematical proof for correctness of the proposed algorithm. We will stress the fact that this algorithm (for constructing of
(t, s)− sequences over IFb ), can be applied for construction of some classes of
pseudo- random number generators.
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