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Abstract. In this paper we introduce a measure of closeness of partial
rankings based on a metric on permutations, and we analyze some of its
properties.
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1 Introduction

Statistical methods for analyzing fully and partially ranked data are used in a
variety of applications. In fully ranked data, n items are ranked in order of prefer-
ence by a group of judges. In partially ranked data, the judges do not completely
specify their ranking of all n items. The resulting set of preferences is a function
on the symmetric group of permutations if the data are fully ranked, and a func-
tion on a coset space of the symmetric group if the data are partially ranked. The
first problem which arise is the comparison of two rankings. Statisticians have
several measures of closeness between two permutations, including Spearman’s
ρ and Kendall’s τ . Most standard rank procedures involve distances between
permutations which usually define metrics. Diaconis, Critchlow and some other
authors use group-theoretic description of the sets of rankings. Thus the problem
of comparisons of rankings (full or partial) is reduced to a problem of choosing
appropriate metrics on the permutation group or on coset spaces of the permu-
tation group. This leads to a study of metrics on the permutation group and
homogeneous spaces. Standard references are the monographs by Diaconis [4]
and Critchlow [3]. We have studied statistical properties of a metric on the per-
mutation group induced by Chebyshev’s norm and have applied the approach
of induced Hausdorff metric to extend this metric for partial rankings. The sta-
tistical properties of some other meaningful metrics are discussed following the
above mentioned monographs.

Many of the decision procedures that one might use within the scope of rank-
ing problems have a corresponding structure which is invariant under a group
of transformations. If the formulation of the problem has complete symmetry
with respect to permuting or renumbering of the populations, then it is desir-
able to have a decision procedure which preserves this structure in the solution
of the problem. The general partition problem is treated from a decision theo-
retic point of view and our attention is restricted to the symmetric case so that
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certain invariance arguments are applicable. The loss functions which appear are
motivated by a measure of association for partially ranked data. These loss func-
tions and corresponding risk functions have natural invariant properties under
a group of transformations.

Distributions on the set of permutations are used in nonparametric statistics.
Various applications of metrics on fully and partially ranked data have been pre-
sented in the statistical literature. Individual tests based on ranks were proposed
quite a long time ago by Wilcoxon, Wald and Wolfowitz, Friedman, Smirnov,
Kendall. The approach via metrics for permutations is applied by Fligner, Ver-
ducci, Feigin, Alvo, Cabilio. Rank tests appear in problems of testing of agree-
ment and comparison of two samples. The distributions on permutations provide
alternatives to the uniform distribution.

2 Notation

Before proceeding with approaches for analyzing ranked data, we define some
quantities. Let n items be arbitrarily assigned numbers: 1, 2, . . . , n. A full ranking
of these n items is an ordering of the form: first choice, second choice, . . . , n-
th choice. Any ranking corresponds to a permutation which is an element of
Sn, the set of all n! permutations. The corresponding permutation α ∈ Sn is a
function from {1, . . . , n} onto itself, whose arguments are the items, and whose
values are the ranks. The composition αβ of two permutations is defined by
(αβ)(i) = α(β(i)), and the inverse permutation α−1 satisfies αα−1 = α−1α = e,
where e is the identity permutation e(i) = i. In other words: α(i) is the rank
given to item i and α−1(i) is the item assigned rank i.

Let α and β be two permutations from Sn corresponding to two observers’
rankings and let d be a metric on the permutation group Sn. Then d : Sn×Sn →
[0,∞) satisfies the usual axioms:

d(α, β) ≥ 0 ∀α, β ∈ Sn, d(α, β) = 0⇔ α = β;
d(α, β) = d(β, α) ∀α, β ∈ Sn;
d(α, β) ≤ d(α, γ) + d(γ, β) ∀α, β, γ ∈ Sn.

d(α, β) can be thought of as a measure of the association of the two rankings. If
α and β are chosen independently and with equal probability from the set of all
possible permutations, then d(α, β) becomes a random variable. Some common
statistical measures are obtained by applying an affine transformation to the
functions:

R(α, β) = [

n∑
i=1

(α(i)− β(i))
2
]
1
2 ;

T (α, β) =
∑
i<j

(1− sign{α(i)− α(j)})sign{β(i)− β(j)};

F (α, β) =

n∑
i=1

|α(i)− β(i)|



C(α, β) = minimum number of transpositions needed to transform

< α(1), . . . , α(n) > into < β(1), . . . , β(n) >

U(α, β) = n− length of the longest increasing subsequence

in < βα−1(1), . . . , βα−1(n) >

M(α, β) = max
1≤i≤n

|α(i)− β(i)|.

The first five functions are thoroughly discussed in the sense of this paper by
Diaconis [4] and Critchlow [3]. The correlation versions of R2 and T are among
the most widely used statistical measures. Their basic statistical properties can
be found in Kendall [8]. F is known as Spearman’s footrule. Its distribution
properties on the set of permutations are studied by Diaconis and Graham [5].
Cayley’s distance C is discussed by Feller [6] from a statistical point of view.
Ulam’s distance U is suggested by Gordon [7] as a statistical measure. The
function M appears as a statistical measure in Stoimenova [9], [10], [11].

All of the above functions are metrics on Sn. Strictly speaking, R2 is the
squared Euclidean distance between two permutations and does not satisfy the
triangle inequality. However, because of technical reasons we will refer to it as a
metric. All of these metrics are right-invariant in the sense that

d(α, β) = d(αγ, βγ) ∀α, β, γ ∈ Sn.

In particular d(e, α) = d(e, α−1), where e is the identity permutation in Sn.

Invariance is natural in many problems. Right-invariance means that our
distances between rankings do not depend on arbitrary labeling of the items. All
of the above metrics are invariant under order reversal – changing i to n+ 1− i.

Metrics are usually normalized to lie in [−1, 1] like correlation coefficients. If
d is a metric with maximum value m, then 1− 2d/m lies in [−1, 1]. We consider
more specific properties of the metrics below.

3 Statistical properties of the metrics

Let α and β be permutations chosen independently and with equal probability
from the set of all possible permutations. We are interested in characteristics
of the corresponding random variable d(α, β) when d is one of the metrics from
section 2. The properties of the metrics are summarized at the end of the section.

For α, β ∈ Sn, the function M(α, β) is the maximum of absolute values
of the differences between the ranks. The exact probability distribution of M
under the above uniformity assumption was tabulated for n ≤ 10 by generating
and evaluating the necessary permutations. Monte Carlo methods were used
for n = 11(1)15, by means of sets of random permutations for which the sample
means and variances ofM were required to fall within the 70% confidence interval
based on the theoretical values. 100 000 random permutations were used for
n = 11 and 12, and 200 000 for n = 13, 14, 15. The results are given in Table 1.



Spearman’s rank correlation R2(α, β) =
∑n
i=1(α(i)−β(i))2. The square

root of this function is the L2 distance between two permutations. When trans-
formed to lie in [−1, 1] it arises naturally as the correlation ρ between the ranks
of two samples. It is a widely used non-parametric measure of association be-
tween two rankings. The mean of R2 is computed as 1

6 (n3−n) and the variance
as 1

36n
2(n − 1)(n + 1)2 (Kendall, 1970). The limiting distribution of R2 can be

obtained using Hoeffding’s combinatorial central limit theorem.

Kendall’s tau T (α, β) is the minimum number of adjacent transpositions
needed to transform α−1 to β−1. It has been popularised by Kendall and there
is a comprehensive discussion in Kendall [8]. The definition in terms of inverses
is given here to make the metric right invariant.

T (α, β) has mean 1
2n(n+1) and variance 1

72n(n−1)(2n+5), and T normalised
by its mean and variance has a limiting standard normal distribution. Kendall
[8] gives tables for small n.

Spearman’s footrule F (α, β) =
∑n
i=1 |α(i) − β(i)|. This metric is the

L1 distance between two permutations. F has mean 1
3 (n2 − 1) and variance

1
45 (n+ 1)(2n2 + 7). The principal tool for proving asymptotic normality of F is
Hoeffding’s combinatorial central limit theorem. The expression for the variance
allows verification of the sufficient condition in Hoeffding’s theorem for the array

a
(n)
ij = |i−j|, i, j = 1, . . . , n. These results can be found in Diaconis and Graham

[5]. Ury and Kleinecke [12] give tables for 2 ≤ n ≤ 15.

Table 1. Properties of the Metrics.

Metric Max Mean Variance

R 1
3
(n3 − n) 1

6
n3 1

36
n5

F 1
2
n2 1

3
n2 2

45
n3

T 1
2
(n2 − n) 1

4
n2 1

36
n3

C n− 1 n− logn logn

M n− 1 3
4
n 1

48
n2

Cayley’s distance C(α, β) is the minimum number of transpositions needed
to transform α into β. This is the bi-variant metric on Sn. It is also equal to n−#
cycles in (αβ−1). Regarding distribution theory, under some uniformity assump-
tions the mean is asymptotically n− log n while the variance is asymptotically
log n. Standardised by its mean and variance C is asymptotically normal. These
results can be found in Feller [6].



In the table below the listed properties of five metrics are summarised. Only
the leading terms of the mean and variance are indicated. The results for R
and T are from Kendall (1970), for C from Feller [6], for F from Diaconis and
Graham [5] and M are from Stoimenova [9]. Table 2 gives the distance from the
identity permutation for the five metrics on S4.

4 Algebraic structure of ranking problems

4.1 Partially ranked data

There are many situations, in which people are presented a large number of
items to rank and they do not need to completely specify the ranking of all n
items. The goal of the experiment might be to rank only their favourite k out of
n items or just to choose their k favourite items. In other cases it is important
to classify items into groups or categories according to some reasonable criterion
of ”goodness”.

The general partitioning problem can be described as follows. Let {1, . . . , n}
be n given items. We wish to partition them into a fixed number of disjoint
categories, such that each category contains a certain preassigned number of
items. The first category contains n1 favourite items, the second category con-
tains the n2 next preferred items, and so on; the final category contains the nr
least favourite items, where

∑
ni = n, ni ≥ 1. We do not state any preferences

among members of the same category.
If we assign values to r and ni we obtain several special cases of interest.

(1) To choose the best single item (r = 2, n1 = 1, n2 = n− 1);
(2) To choose the best k items without regard to order (r = 2, n1 = k, n2 =

n− k);
(3) To choose the best k items with regard to order (r = k+1, n1 = . . . = nk = 1,

nk+1 = n− k);
(4) To order all items (r = n, n1 = . . . = nr = 1);
(5) To partition the items into a fixed number of categories.

Many of the decision procedures that one might use within the scope of
these ranking problems have a corresponding structure which is invariant under
a group of transformations. We consider suitable models for analysis of such
partially ranked data thoroughly described by Critchlow [3]. The algebraic for-
mulations below are not essential for the statistical inferences but they are a
useful tool for simplifying the notation.

The full ranking (goal 4) is viewed as an element of the permutation group
Sn. The sets of partial rankings are identified with coset spaces of the permuta-
tion group as follows.

The ranking of k favourite items out of n. Partial rankings of k out of
n items (goal 3) are identified with permutations from the subgroup Sn−k ⊂ Sn



which leave the first k integers fixed and permute the remaining n − k integers
between themselves:

Sn−k = {α ∈ Sn : α(i) = i for all i = 1, . . . , k}.

Define an equivalence relation on Sn as follows: two permutations α and β are
equivalent if and only if there exists γ ∈ Sn−k so that α = γβ. For any α ∈ Sn,
the equivalence class Sn−kα induced by α consists of all permutations equivalent
to α. Hence, each partial ranking of k out of n items can be identified with the
set of all full permutations which induce it. The set of all such partial rankings
can therefore be identified with the set of all such right cosets. This coset space
we denote by Sn/Sn−k.

There is a one-to-one correspondence between the partial rankings of type
”k out of n” and right cosets of Sn−k.

Classification into r ordered categories. Let n1, . . . , nr be a given se-
quence of r strictly positive numbers summing to n. Each judge is given a list
of n items. He classifies these n items into r ordered categories such that the
number of objects in category j is nj . We describe the algebraic structure of this
classification as follows:

Let N1, . . . , Nr be the following partitions of {1, . . . , n}:

N1 = {1, . . . , n1}
N2 = {n1 + 1, . . . , n1 + n2}
. . . (1)

Nr = {n1 + · · ·+ nr−1 + 1, . . . , n}.

Denote by Sn1
, . . . , Snr

the subgroups of Sn given by:

Sn1 = {π ∈ Sn : π(i) = i, ∀ i 6∈ N1}
Sn2 = {π ∈ Sn : π(i) = i, ∀ i 6∈ N2}
. . . (2)

Snr = {π ∈ Sn : π(i) = i, ∀ i 6∈ Nr} .

Let S denote the subgroup Sn1
× · · · × Snr

of Sn. Thus S is the subgroup
of all rankings which permute the first n1 items among the first n1 ranks, and
which permute the next n2 items among the next n2 ranks, and so on.

The equivalence class [α], that assigns the same set of ranks to the items
from the each category as α, is the right coset Sα. There is a one-to-one corre-
spondence between the partitioning ”of type n1, . . . , nr” and the right cosets of
S.

4.2 Metrics for partial rankings

In the above algebraic structure the problem of comparing of partial rankings
is reduced to a problem of extending the metrics on the permutation group



Sn to metrics on the corresponding coset space. Critchlow [3] has described two
methods of extending metrics for fully ranked data to metrics for partially ranked
data. Several metrics on coset spaces of Sn have been constructed. A distance
based approach for partial rankings is used in Alvo and Cabilio [1], [2].

We shall concentrate our attention on Chebyshev’s metric, which was not
considered by Critchlow. We present an extension of Chebyshev’s metric for
partial rankings of type (3) and (5). The way of extending it is to construct the
induced Hausdorff metrics. For the Hausdorff metric in the context of metrizing
a coset space, see Critchlow’s monograph. Theorems 2 and 3 below state the
extensions of Chebyshev’s metric to the metric on the coset spaces Sn/Sn−k
and Sn/S. The extensions preserve the invariant properties of the metric. The
construction is based on the following general result:

Theorem 1. Let G be an arbitrary finite group, K be any subgroup of G, and
d be a right-invariant metric on G. Then d induces a right-invariant metric d∗

on the coset space G/K. d∗ is called the Hausdorff metric induced by d, and d∗

measures the distance between any two cosets Kα,Kβ ∈ G/K by the formula

d∗(Kα,Kβ) = max

{
max
σ∈Kβ

min
π∈Kα

d(π, σ), max
π∈Kα

min
σ∈Kβ

d(π, σ)

}
.

The Hausdorff metrics on Sn/Sn−k induced by metrics from section 3 are
defined by taking G = Sn and K = Sn−k.

Theorem 2. Let A,B,D,E be the following partition of {1, . . . , n}:

A = {i = 1, . . . , n; α(i) ≤ k, β(i) ≤ k}
B = {i = 1, . . . , n; α(i) ≤ k, β(i) > k}
D = {i = 1, . . . , n; α(i) > k, β(i) ≤ k}
E = {i = 1, . . . , n; α(i) > k, β(i) > k}.

Then the Hausdorff metrics metrics on Sn/Sn−k induced by R2, F and M
are

R∗2(Sn−kα, Sn−kβ) =

n∑
i∈A

(α(i)−β(i))2 + h2(n−k−h) + max


h∑
j=1

(n+1−j−pj)2

+

h∑
j=1

(k + j − sj)2,
h∑
j=1

(k + j − pj)2 +

h∑
j=1

(n+ 1− j − sj)2
 ;

F ∗(Sn−kα, Sn−kβ) =

n∑
i∈A
|α(i)− β(i)| −

n∑
i∈B

α(i)−
n∑
i∈D

β(i) + h(2n+ 1− h);

M∗(Sn−kα, Sn−kβ) = max
[
δ(k − h) max

m∈A
|α(m)− β(m)|,

δ(h)(n− p1), δ(h)(n− s1), δ(n− k − h)h
]
.



Here p1 < . . . < ph is an ordering of the set ∪i∈B{α(i)}, s1 < . . . < sh is
an ordering of the set ∪i∈D{β(i)} and h is the number of elements in B (or D),
and δ(x) = 1 for x > 0 and 0 for x ≤ 0.

The proof for R∗2 and F ∗ can be found in Critchlow [3] and the proof for
M∗ in Stoimenova [11].

The Hausdorff metric on Sn/S induced by Chebyshev’s metric is defined by
taking G = Sn and K = S, in the Proposition 1.

Theorem 3. Let nij be the number of elements in the set {α−1(Ni)∩β−1(Nj)}.
Then

M∗(α, β) = max
1<i,j<r

[
δ(nij) max

{
|
i−1∑
k=1

nk+

j−1∑
k=1

nik −
i−1∑
k=1

nk −
r∑

k=i+1

nkj |,

|
i−1∑
k=1

nk +

r∑
k=j+1

nik −
j−1∑
k=1

nk −
i−1∑
k=1

nkj |

]
is right-invariant metric on Sn/S.

The proofs of these theorems are based of the fact that Chebyshev’s metric
on Sn satisfies the transposition property . The proof of this fact is in Stoimenova
(2017).

Theorem 4. (Transposition property) Let α, β, γ ∈ Sn be permutations
such that α and β differ by a single transposition; that is there exist integers
p, q ∈ {1, . . . , n} such that

α(p) = β(q)

α(q) = β(p)

α(i) = β(i) ∀i 6= p, q.

If α(p) ≤ α(q) and γ(p) ≤ γ(q), then M(α, γ) ≤M(β, γ).

Metrics possessing the transposition property are used for defining mono-
tone rank statistics for some hypothesis testing problems. Such statistics have a
monotone power function for stochastically ordered alternatives and produce an
unbiased test.
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