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Abstract: In this paper we study some fixed point theorems in an uniformly 
convex Banach space. We see these results for some contract mappings 
with cyclic operators of Banach type and Kannan type. We give some 
results on convergence of Picard operators on a spherically complete ultra 
metric space. Our intention is to give some existence results for 
approximation of the fixed points for cyclic contractions using comparison 
functions that can be used in algorithms. 
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1. Introduction and Preliminaries  

One of the most important results used in functional analysis is the well-known 
Banach's contraction which in  1922 asserts that:  

If � �dX ,  is a complete metric space and XXT �:  is a mapping such that 

� � � �� � � �yxdyTxTd ,, ��  

for all Xyx �, and some � �1,0�� then T  has a unique fixed point in X .  
 

Definition 1. Let � �dX , be a ultra metric space. A mapping XXT �: is called a   

	 -contraction if there exists a comparison function 

 � RR:	 such that 

� � � �� � � �),(, yxdyTxTd �� for all Xyx �, . 

 

Definition 2 Let � �dX , be a ultra metric space, m  a positive integer mAA ,...,1  

nonempty closed subsets of X and �
m

i
iAY

1�

�
 

an operator YYT �: is called a 

cyclic    	 -contraction if 

� �i �
m

i
iA

1�

is a cyclic representation of Y with respect toT  
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� �ii There exists a (c)-comparison function 

 � RR:	 such that 

� � � �� � � �),(, yxdyTxTd ��   
for any 1, 
�� ii AyAx  where im AA �
1  

Definition 3. A function 

 � RR:	 is called a (c)-comparison function if it 
satisfies: 
� �i 	 is monotone increasing; 

� �ii there exist � �1,0,0 �� ak and a convergent series of nonnegative terms

��

�1k kv such that 

� � � � k
kk vtt 
�
 ��� 1 for 0kk � and any 
�Rt . Let us denote this family 

with F  

2. Main Results 

Theorem 4. Let � �dX , be a ultra metric space, m  a positive integer mAA ,...,1  

nonempty closed subsets of X and �
m

i
iAY

1�

�  , a (c)-comparison function 



 � RR:	 , an operator YYT �:  
Assume that 

� �i �
m

i
iA

1�

is a cyclic representation of Y  with respect toT  

� �ii T is a cyclic 	 -contraction. 

Then T has a unique fixed point 
�
m

i
iAx

1�

� �
and the Picard iteration� �nx converges 

to
�x for any initial point Yx �0 . 

Now we will prove that the Picard iteration converges to �x  for any initial point

Yx� . Let �
m

i
iAYx

1�

�� , there exists  � �mi ,...,10 �  such that 00 iAx � . As 

�
m

i
iAx

1�

� � it follows that 10

� � iAx

 
as well. Then we obtain:  

� � � �� � � �� ��� � xxdxTxTd ,, �  
By induction, it follows that: � � � �� ��� � xxTxxTd nn ,),( �   0�n  
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Since   � � � ���� � xxTdxxd n ),(,  we have  � � � �� ���� � xxdxxd n ,, �  
Now letting ��n and supposing �� xx we have  
� � � �� � 0,lim, �� �

��

�� xxTdxxd n

n  
 

Definition 5. Let � �dX ,  be an ultra metric space, m  be a positive integer, 

mAAA ,...,, 21 be nonempty subsets of X and �
m

i iAX
1�

� .An operator 

XXT �: is a cyclic weak � ��� � -contraction if 

� �i �
m

i iAX
1�

� is a cyclic representation of X with respect toT  

� �ii � �� � � �� � � �� �yxdyxdTyTxd ,,, �		 ��  for any iAx�
miAy i ,...,2,1,1 �� 
 , where  

      11 AAi �
 and. F��	,  
An important result based on Karapinar, Sadarangani is the following. 
 

Theorem 6. Let � �dX ,  be a complete metric space, m be a positive integer, 

mAAA ,...,, 21 be nonempty subsets of X and �
m

i iAX
1�

� . Let XXT �: be a 

cyclic � ��� � -contraction with F��	, . ThenT has a unique fixed point

i
m
i Az 1���  
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